For more than three centuries, binary quadratic forms and their prime representations have been studied quite extensively. Lagrange was the first to give a complete treatment of the topic, and various mathematicians, including Legendre, Euler and Gauss, contributed to the theory [4, 6] .
Background
For more than three centuries, binary quadratic forms and their prime representations have been studied quite extensively. Lagrange was the first to give a complete treatment of the topic, and various mathematicians, including Legendre, Euler and Gauss, contributed to the theory [4, 6] .
In addition to the general theory of binary quadratic forms, attempts were made to study the properties of individual forms. The form a 2 ± kb 2 got particular attention, and the prime representations of many such forms have been determined. A list of such representations can be found in [2, p. 71 ] and [9] . A detailed account of primes of these forms is given in [3] . This paper investigates numbers of the form a 2 + ab + b 2 , where a and b are non-negative integers, using elementary number theory.
Notations and Definitions
The following symbols are used in this paper. Proof. Given a and p, the value of b is given by b = −a ± 4p − 3a 2 2 Since b is nonnegative, only the value corresponding to the positive sign applies here.
Theorem 3. If an integer n is in the form
Proof. There are three cases to consider: 
It is to be noted that, by Theorem 3, a and b in the B-representation can be any number in Z in order to get a B-number, but we are restricting the definition to Z * only.
3.2.
Identities. The following identities can be verified easily.
, with α, β ∈ Z * , has the following solutions:
(2) k = α 2 + αβ + β 2 , with α, β ∈ Z * , has the following solutions:
Note that identities (3a-3b) are equivalent to having solutions to k = α 2 + αβ + β 2 with non-negative α and non-positive β (by using −β instead of β), and identities (3c-3d) is equivalent to having solutions to k = α 2 + αβ + β 2 with nonpositive α and β (by using −α and −β instead of α and β). Theorem 6 (Lagrange). Let p be a prime and let f (x) = a n x n +a n−1 x n−1 +· · ·+a 0 , where p ∤ a n . Then the congruence f (x) ≡ 0 (mod p) has at most n distinct solutions α such that −p/2 < α ≤ p/2.
For a proof, see [1] , Theorem 4.4.1.
Theorem 7 (Legendre). If p is a prime and if
For a proof, see [1] , Corollary 4.4.6.
Fundamental form of B-primes
Helguero [6] , Fontene [6] and Ramanujan [8, pp. 259-260] observed that every prime other than 3 that can be represented as a 2 + ab + b 2 is in the form 6k + 1. In this section, we prove that it is both the necessary and sufficient condition, and its B-representation is unique (Theorem 8). 
with a, b, c, d ∈ Z + , be two distinct B-representations of the prime p. WLOG, assume a > c, so that ac > bd. Now, using identities (1d) and (1b),
and
From (5a), since p is a prime, it should divide at least one of (ad + bc + bd) and (ad − bc). Let us consider each case. If ad > bc: By (2b), p 2 = (ac + bd + bc) 2 + (ac + bd + bc)(ad − bc) + (ad − bc) 2 , and p should divide (ac + bd + bc) as well because p is a prime. Since (ac+ bd+ bc) > 0, this implies p = (ac+ bd+ bc), meaning ad = bc. If ad ≤ bc: In a similar way, using (2b), we can show p = (ad + ac + bd) and hence ad = bc. We showed that ad = bc in both cases. Now, from (5a), d
2 −b 2 = 0, meaning d = b, and so, by Theorem 2, a = c, showing a unique B-representation of p.
We proved that p has a unique B-representation in both cases.
(ii) is easily deducible from the properties of congruences (Theorem 10).
Theorem 10. All B-primes other than 3 are of the form 6k + 1.
, using the basic properties of congruences. For m = 0 . . . 5 and n = 0 . . . 5, z can take only the values 0, 1, 3, 4, i.e., p can take values 6k, 6k + 1, 6k + 3 and 6k + 4. Here 6k and 6k + 4 are always composite. 6k + 3 is composite except for k = 0, i.e., when p = 3. So, the only prime values p can take are 3 and 6k + 1.
(iii) is proved in four steps:
(1) We show that if a B-number is divided by a B-prime, we get another Bnumber. (Theorem 11) (2) Using the previous result, we show that if we divide a B-number with a factor that is not a B-number, if such a factor exists, then at least one prime factor of the quotient is not a B-prime. (Theorem 12) (3) Now we show that every factor of a B-number a 2 + ab + b 2 , with a and b being relatively prime, is a B-number. We start with the assumption that there is a factor that is not a B-number. We then prove that for any number with that property, we can find a smaller positive number with the same property. Now, by the principle of infinite descent, there is no such number. (Theorem 13) (4) Finally, using some well-known results, we prove that every prime in the form 6k + 1 divides a number a 2 + a + 1 for some a ∈ Z + . Since a 2 + a + 1 is a B-number and a and 1 are coprimes, the previous result implies that the prime is a B-prime. (Theorem 15)
Theorem 11. If a B-number n has a B-prime factor p, then (n/p) is a B-number.
and n = p · q, where
We need to prove that q is a B-number.
Consider the identity (1a). Since p divides the LHS, it should divide the RHS. Since p is a prime, it divides at least one of (bc + ad + ac) and (bc − ad) . That leads to the following two cases.
Case 1: p divides (bc + ad + ac). Let (bc + ad + ac) = rp, with r ∈ Z. Set a = rd + y and b = rc + x, where x, y ∈ Z. Combining these, r(c 2 + cd + d 2 ) + cx + dy + cy = rp, which means cx + cy + dy = 0. (7) Now, substituting a = rd + y and b = rc + x in (6) and using (7), we get
Since (7) can be rewritten as c(x + y) + dy = 0, and (c, d) = 1, c divides y. Let y = −cw, so that x = (c + d)w, where w ∈ Z. Substituting these values of x and y in (8) and simplifying, we get
which means q = r 2 + rw + w 2 . Case 2: p divides (bc − ad).
Let (bc − ad) = rp, where r ∈ Z. Set a = −rd + y and b = rc + x, where x, y ∈ Z. Combining these, rc 2 + cx − dy + rd 2 = rc 2 + rcd + rd 2 , which means rcd + dy − cx = 0. (9) Now, substituting a = y − rd and b = x + rc in (6) and using (9), we get
Since (9) can be rewritten as
and (c, d) = 1, c divides y. Let y = cw, so that x = (r + w)d, where w ∈ Z.
Substituting these values of x and y in (10) and simplifying, we get
which means q = r 2 + rw + w 2 .
So, in either case, q = r 2 + rw + w 2 , where r, q ∈ Z. So, by Theorem 3, it is a B-number.
Theorem 12. If a B-number n has a factor m which is not a B-number, then (n/m) has at least one prime factor that is not a B-prime.
Proof. Let
Proof. Suppose that n has a factor p that is not a B-number. Let a = xp + α and b = yp + β, with α, β ∈ Z, so that −p/2 < α, β ≤ p/2. Since p divides (a 2 + ab + b 2 ), it should divide (α 2 + αβ + β 2 ) as well. Let α 2 + αβ + β 2 = pq. Since (α 2 + αβ + β 2 ) ≥ 0, because of Theorem 1, pq ≥ 0, and hence q ≥ 0. Also, since (α 2 + αβ + β 2 ) ≤ 3p 2 /4, q ≤ 3p/4 < p. Let (α, β) = γ. Also let u = (α/γ) and v = (β/γ). Now
Since γ does not divide p (otherwise γ will divide both a and b), γ 2 should divide q. Let k = (q/γ 2 ). Now,
Since p is not a B-number, because of Theorem 12, k must have a prime factor, say r, that is not a B-prime. Since r ≤ k ≤ q < p, r < p. So, we started with a number p ≥ 0, which is not a B-number but is a factor of a B-number, and found a smaller number r ≥ 0 with the same property. So, by the principle of infinite descent, this is impossible. Hence p must be a B-number.
. So, if a B-number a 2 + ab + b 2 is square-free, (a, b) = 1. This leads to the following corollary.
Corollary 13.1. A square-free B-number is the product of B-primes.
Theorem 14. For every prime p of the form 6k + 1, there exists a unique positive integer z < p/2, such that z 2 + z + 1 ≡ 0 (mod p).
Proof. By Fermat's Little Theorem (Theorem 5),
Since (p − 1)/2 = 3k, x p−1 − 1 = (x 3k + 1)(x 3k − 1), and the solutions of (11) are given by the solutions of
By Theorem 7, (12b) has exactly 3k solutions between −p/2 and p/2. Now, the solutions of (12b) are given by the solutions of
(13a) has exactly k solutions such that −p/2 < x < p/2, so (13b) should have 2k solutions. For any of these 2k solutions, y = x k gives a solution to
Now, any w such that w = y + k · p, where k ∈ Z, also satisfy (14). So, we can find a u such that −p/2 < u < p/2 that satisfies u
, and vice versa; so there are at least two solutions, greater than −p/2 and less than p/2, of which one is negative, and the other is not. But by Lagrange's theorem (Theorem 6), (14) has at most 2 solutions for −p/2 < y < p/2. Since p is odd and p > 1, we can conclude that (14) has exactly two solutions between −p/2 and p/2, one a positive integer less than p/2, and the other a negative integer greater than −p/2.
Theorem 15. If a prime number is of the form 6k + 1, it is a B-prime.
Proof. Let p = 6k + 1 be a prime. By Theorem 14, there exists a z ∈ Z + such that z 2 + z + 1 ≡ 0 (mod p). This means z 2 + z + 1 = m · p, where m ∈ Z + . Since (z, 1) = 1, by Theorem 13, every factor of z 2 + z + 1 should be a B-number, so p is a B-prime.
Proof of Theorem 8 follows from Theorems 9, 10 and 15.
Factors of B-numbers
In this section, we prove the following theorem. Proof. From (2a), the product of any numbers of B-numbers is a B-number. In particular, the product of any number of B-primes is a B-number. Since every square is a B-number, multiplying a B-number with a square will yield a B-number. Hence, the product of any number of B-primes and any square is a B-number.
The theorem easily follows from this.
We prove the necessary part as follows:
(1) We prove that if we divide a B-number by a square factor, if it has one, the quotient is a B-number.(Theorem 18) (2) Now, using Corollary 13.1, the result follows.
Theorem 18. If the product of m and k 2 , with m, k ∈ Z + , is a B-number, then m is a B-number.
Proof. We have
Let s 2 be the largest square factor of m. Let n = m/s 2 . We need to only show that n is a B-number, because, m, being the product of two B-numbers, is a B-number then. Now, defining p = ks, (15) becomes
where n does not have square factor
Since g 2 doesn't divide n if g > 1, p/g must be an integer. Now, by Theorem 13, each factor of the LHS must be a B-number, so each factor of n must be a B-number. So, n, being the product of B-numbers, must be a B-number.
Theorem 19. Every prime factor, which is not a B-prime, of a B-number has even exponents in the standard form of expansion.
Proof. Let n be any B-number and let s 2 be its largest square factor. By Theorem 18, (n/s 2 ) is a square-free B-number, which is, by Corollary 13.1, the product of B-primes. So, all non-B-prime factors should be contained in s 2 , hence should have even exponents.
Proof of Theorem 16 follows from Theorems 17 and 19.
General form of a B-number
From the already proved theorems, the general form of a B-number is 
The reader will recognize that (17) is the same as the expression for the number of distinct representations of a number as a sum of two squares, a result given by Gauss and Legendre, later proved by Jacobi and others [5] . This expression applies here also, with a different definition of the individual parameters. A proof is not attempted in this paper.
B-numbers in terms of rational numbers
Theorem 20 extends the domain of a and b in the previous theorems from Z * to Q * .
Theorem 20. If a number n is representable as α 2 + αβ + β 2 , where α and β are positive rational numbers, then n is a B-number.
Proof. Let α = (a/b) and β = (c/d). Now
Then, by Theorem 18, n is a B-number.
Comparison with the form a
Being another binary quadratic form with the same discriminant, the form a 2 − ab + b 2 shares many properties with a 2 + ab + b 2 . All primes in the form 6k + 1 and 3 can be represented as a 2 − ab + b 2 , but this representation is not unique. In general, if n = a 2 + ab + b 2 , where n ∈ Z * , then n can be represented as x 2 − xy + y 2 in two ways by setting x = a, y = a + b and x = b, y = a + b. The unique representation occurs only when a = b, i.e., when n = 3a 2 , and 3 is the only prime that has unique representation. Similarly, when n = a 2 − ab + b 2 , with a ≥ b, n can be represented as x 2 + xy + y 2 as well, by setting x = a− b, y = b. Because of this equivalence, all results in this paper, except Theorem 8, Theorem 9 and (17), are valid for the form a 2 − ab + b 2 as well. 
Conclusions
Many mathematicians have observed the properties of the form a 2 + ab + b 2 and similar forms, and quite an extensive study of binary quadratic forms has been done in the past. Many of the results in this paper can be obtained using alternate techniques. One such method is to assume the already known properties of the form a 2 + 3b 2 , and then deduce the result for a 2 + ab + b 2 by trivial substitutions. The contribution of this paper is the proof to these properties by elementary theory of numbers. It also conjectures a formula for the number of representations of a number in the form.
This paper proves that the binary quadratic form a 2 + ab + b 2 has properties very much analogous to those of the form a 2 + b 2 . It is possible that these are two special cases of a more general form. More investigation is needed in this area.
